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Abstract
We determine the minimal number of singular fibers of a nontrivial genus-g Lefschetz fibration
X → S2 (with g  14 or g  6 and even) satisfying b+2 (X) = 1. Partial results for g odd with
9  g  13 are also discussed. Furthermore we prove a (weaker) lower bound for the number of
singular fibers in a genus-g Lefschetz fibration in general.  2002 Elsevier Science B.V. All rights
reserved.
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1. The results
Recent results in symplectic topology showed that studying Lefschetz fibrations can
lead us to a better understanding of topological properties of symplectic 4-manifolds, see
Theorems 2.2 and 2.3. (For basic definitions regarding Lefschetz fibrations see Section 2;
the reader is also advised to turn to [6] or [8] for further discussions. Throughout this paper
we will always assume that f :X→ S2 is injective on the set of its critical points.) One way
to measure the complexity of a Lefschetz fibration is through the number of singular fibers
it contains. It is expected that a symplectic 4-manifold with b+2 > 1 has nonnegative Euler
characteristic (cf. Conjecture 2.10). Since the Euler characteristic of a genus-g Lefschetz
fibration X→ S2 is equal to 4− 4g+ s (where s stands for the number of singular fibers),
Conjecture 2.10 implies that a genus-g Lefschetz fibrationX→ S2 with b+2 (X) > 1 admits
at least 4g− 4 singular fibers. On the other hand, the case b+2 = 1 provides examples with
less singular fibers, cf. the examples in Section 5. Consequently, in order to find out the
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minimal number of singular fibers needed in a nontrivial genus-g fibration, it is likely to
be enough to study 4-manifolds with b+2 (X)= 1. We will prove the following:
Theorem 1.1. Suppose that X → S2 is a nontrivial genus-g Lefschetz fibration with
b+2 (X)= 1.
(1) If g  6 is even, then X → S2 admits at least 2g + 4 singular fibers. This lower
bound is sharp.
(2) If g is odd and g  15, then X→ S2 contains at least 2g+10 singular fibers. Again,
this lower bound is sharp.
(3) If g is odd and g  9, then X→ S2 contains at least 2g+ 6 singular fibers.
Remark 1.2.
(a) The question of determining the minimal number of singular fibers can be raised for
genus-g Lefschetz fibrations X→ Σ over Σ with genus g(Σ) > 0. It was shown
[7] that if g  3 and g(Σ)  2 then this minimal number is 1; for g(Σ) = 1 the
exact answer is not known yet.
(b) Note that if Conjecture 2.10 holds for manifolds with b+2 (X) > 1, then—since
positive Euler characteristic implies the existence of 4g − 4 singular fibers—for
g  14 (and g  6 even) Theorem 1.1 answers the question of minimal number of
singular fibers in general.
(c) Singular fibers can be classified as reducible or irreducible—depending on whether
the corresponding vanishing cycle is separating or nonseparating. For an estimate of
the number of nonseparating vanishing cycles, see [16].
In Section 6 we give a lower bound for genus-g Lefschetz fibrations having arbitrary
b+2 . We will show (see also Theorem 6.1):
Theorem 1.3. A genus-g Lefschetz fibration f :X→ S2 admits at least 15 (8g−4) singular
fibers.
In proving our main result we will use an observation about the primitivity of the
homology class of the fiber in a Lefschetz fibration, which observation might be interesting
on its own right. (See Theorem 2.9.)
Theorem 1.4. If f :X→ S2 is a Lefschetz fibration such that the homology class of the
fiber F is homologically essential, then [F ] is primitive in H2(X;Z).
In Section 2 we discuss the background material we will use in the proofs of the
statements announced above. Section 3 is devoted to a quick overview of the topology
of symplectic 4-manifolds with b+2 (X) = 1. The proof of Theorem 1.1 is discussed
in Section 4, while Section 5 describes genus-g fibrations showing that the bounds of
Theorem 1.1 are, in fact, sharp. Finally, in Section 6 we prove Theorem 1.3.
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2. Theorems applied in the proof
A map f :X→Σ between the (closed, oriented, connected) 4- and 2-manifolds X and
Σ is a Lefschetz fibration if df is onto except at finitely many points {p1, . . . , pk} = C
around which there are orientation preserving charts Ui (i = 1, . . . , k) such that f on Ui
can be modeled by the map g(z1, z2) = z21 + z22. Any such map admits a perturbation
which is still a Lefschetz fibration (in the above sense) with the additional property
that f |C is injective, i.e., f (pi) = f (pj ) implies pi = pj . (In the following we will
always assume that f is injective on the set C of its critical points.) The genus of the
Lefschetz fibration f :X → Σ is by definition the genus of its generic fiber f−1(t) for
some t ∈ Σ − f (C). A Lefschetz fibration f :X → Σ is relatively minimal if there is
no fiber f−1(t) containing a sphere of self-intersection −1. Taking an arc γi : [0,1]→Σ
with γi(0)= σ and γi(1)= f (pi) (with σ ∈Σ fixed) a simple closed curve vi—called a
vanishing cycle—in f−1(σ ) can be identified: This is the curve which gets collapsed to a
point when traveling from σ to f (pi) along γi . The singular fiber f−1(f (pi)) is called
separating or nonseparating according to the fact whether the corresponding vanishing
cycle vi separates (i.e., homologically trivial) or does not separate (i.e., homologically
nontrivial) in f−1(σ ).
Remarks 2.1.
(a) Note that the vanishing cycle vi itself depends on the chosen path γi . It is not very
hard to show, however, that its separating property does not depend on this choice.
(b) In fact, it can be shown that a singular fiber f−1(f (pi)) is the immersed image
of a (not necessarily connected) Riemann surface S with a single (transverse)
double point and f−1(f (pi)) is nonseparating iff S is connected. (If f−1(f (pi))
corresponds to a separating vanishing cycle, then S has two components and the
image of each component in X has self-intersection −1.)
(c) Relative minimality means that although X might contain an embedded −1-sphere,
by blowing it down we ruin the fibration given on X. Not relatively minimal
Lefschetz fibrations can be blown down while preserving the fiber structure.
(Another way to detect relative minimality is that in such a fibration there is no
homotopically trivial vanishing cycle.) A symplectic 4-manifoldX is called minimal
if it does not contain any embedded −1-sphere.
(d) By weakening the definition of Lefschetz fibration—by dropping the requirement
that the charts Ui should be orientation preserving—we get a related notion,
called achiral Lefschetz fibration. Such (more general) fibrations, however, do not
necessarily admit symplectic structures, hence most of the arguments presented in
this paper do not apply for achiral Lefschetz fibrations.
We continue our discussion with the description of the connection between Lefschetz
fibrations and symplectic structures on 4-manifolds. The most important motivation for
studying Lefschetz fibrations stems from the following fundamental result of Donaldson:
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Theorem 2.2 (Donaldson [2]). If (X,ω) is a symplectic 4-manifold, then there exists
a positive integer n such that the n-fold blow-up X#nCP2 admits a Lefschetz fibration
X#nCP2 → S2.
According to a result of Gompf, the above theorem can be inverted, more precisely
Theorem 2.3 (Gompf [6]). A genus-g Lefschetz fibration f :X → Σ with fiber-genus
g  2 over the Riemann surface Σ admits a symplectic structure.
Remark 2.4. In the following we will always assume that the genus of the fiber in the
fibrations considered is at least 2, i.e., Theorem 2.3 applies and equips the total space
with a symplectic structure. For g = 0 the (relatively minimal) Lefschetz fibrations over
arbitrary base can be easily described: These are the ruled surfaces Σh × S2 or Σh×˜S2
(the trivial and nontrivial S2-bundles over the surface Σh of genus h). Genus-1 fibrations
(frequently called elliptic fibrations) have been extensively studied (see, e.g., [6]), and it is
known that the number of singular fibers in such a fibration is divisible by 12.
We will frequently make simple computations involving characteristic numbers of the 4-
manifold at hand; the following two theorems will be crucial in our subsequent arguments.
Theorem 2.5 (Taubes [17] and Liu [10]). If (X,ω) is a minimal symplectic 4-manifold
then c21(X,ω)  0 holds unless X is a ruled surface, i.e., diffeomorphic to an S2-bundle
over a Riemann surface Σ . (In this latter case b+2 (X)= 1 obviously holds.)
Theorem 2.6 [16]. If f :X→ S2 is a relatively minimal genus-g Lefschetz fibration, then
the fiber sum X#f X is minimal (as a symplectic 4-manifold).
Lemma 2.7. For the fiber sum X#f X we have b1(X#f X) = b1(X), b+2 (X#fX) =
2b+2 (X)− 1+ (2g− b1(X)) and b−2 (X#fX)= 2b−2 (X)− 1+ (2g− b1(X)).
Proof. Since the vanishing cycles of X→ S2 and of X#fX→ S2 are the same (for X#f X
we just repeat the same set of cycles again), b1(X) = b1(X#f X) obviously follows. The
facts σ(X#f X)= 2σ(X) and χ(X#f X)= 2χ(X)−2(2−2g) together with the definitions
σ(X) = b+2 (X) − b−2 (X) and χ(X) = 2 − 2b1(X) + b+2 (X) + b−2 (X) imply the results
about b+2 and b
−
2 . (Above σ(X) stands for the signature while χ(X) denotes the Euler
characteristic of the 4-manifold X.) ✷
Corollary 2.8. If X→ S2 is a nontrivial, relatively minimal Lefschetz fibration, then we
have c21(X#f X) 0.
Proof. It is known (see, e.g., [16]) that if X → S2 is nontrivial, then it admits
nonseparating vanishing cycles, i.e., for nontrivial fibrations we have b1(X) < 2g. (The
first 2-handle attached along a nonseparating vanishing cycle kills the corresponding first
homology element.) Since b+2 (X)  1 by the existence of a symplectic structure on X, it
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follows that once X→ S2 is nontrivial, we have b+2 (X#f X) > 1. Now the minimality of
X#fX (provided by Theorem 2.6) together with Theorem 2.5 yields c21(X#fX) 0. ✷
Next we give a proof of Theorem 1.4—this observation will be used in our later
arguments when determining the minimal number of singular fibers in genus-g Lefschetz
fibrations.
Theorem 2.9. If f :X→ S2 is a Lefschetz fibration such that the homology class of the
fiber F is homologically essential, then [F ] is primitive in H2(X;Z).
Proof. The statement is trivial if π1(X)= 1: Decompose X as νF ∪S1×Σg (X− int(νF ))
where νF denotes the tubular neighborhood of a regular fiber; now νF → D2 is the
trivial fibration, so it obviously admits a section. This embedded D2, however, can be
extended to a closed surface in X (since ∂D2 ⊂ ∂(X − νF ) bounds in X and hence
in X − νF ). Consequently we found a surface intersecting F in a unique point, hence
[F ] cannot be the (nontrivial) multiple of any other integral class. If π1(X) is nontrivial,
then by taking the fiber sum of X with a simply connected genus-g Lefschetz fibration
Y we get the simply connected Lefschetz fibration X#f Y . By the above said, the fiber
of this latter fibration is primitive in integral homology. Now easy homological argument
shows that if [F ] = d · [C] ∈H2(X;Z) for 0 = d ∈ Z and an embedded surface C (which
can be assumed to be disjoint from F ), then the same relation holds in X#f Y implying
that d = ±1. This shows that [F ] is, in fact, primitive in H2(X;Z), which proves the
statement. ✷
We close this section with a conjecture (frequently attributed to Gompf) related to the
topology of symplectic 4-manifolds:
Conjecture 2.10. If X is a symplectic 4-manifold different from the blow-up of a ruled
surface, then X has nonnegative Euler characteristic, i.e., c2(X)= χ(X) 0.
(For the corresponding discussion about symplectic 4-manifolds with b+2 = 1 see
Remark 3.4.)
3. Symplectic 4-manifolds with b+2 = 1
Before turning to the discussion of our main result, we prove a few lemmas regarding
homological properties of Lefschetz fibrations and symplectic 4-manifolds.
Proposition 3.1. Suppose that X is a symplectic 4-manifold. If X is not the blow-up of a
ruled surface, then
4(b1(X)− 1) 5b+2 (X).
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Proof. Suppose that X = Y#nCP2 where Y is minimal. Since Y is not ruled by
assumption, Theorem 2.5 implies c21(Y ) 0, consequently
−n c21(Y )− n= c21(X)= 3σ(X)+ 2χ(X)= 5b+2 (X)− b−2 (X)+ 4− 4b1(X).
Since n b−2 (X), we get that −b−2 (X)−n 5b+2 (X)−b−2 (X)+4−4b1(X), hence the
proposition follows. ✷
Lemma 3.2. If X → S2 is a relatively minimal, nontrivial genus-g Lefschetz fibration,
then 4(b1(X)− g)+ b−2 (X) 5b+2 (X).
Proof. The proof relies on the fact that c21(X#f X)  0 once X → S2 is nontrivial and
relatively minimal (cf. Theorem 2.6). Using the expressions of b1(X#f X) and b±2 (X#f X)
provided by Lemma 2.7 we get that
0 c21(X#f X) = 5b+2 (X#f X)− b−2 (X#f X)+ 4− 4b1(X#f X)
= 10b+2 (X)− 2b−2 (X)− 8(b1(X)− g),
hence the lemma follows. ✷
Note that Proposition 3.1 has the following interesting corollary (cf. also [14,12]):
Corollary 3.3. If X is a symplectic 4-manifold with b+2 (X)= 1, then X is either the blow-
up of a ruled surface or b1(X) ∈ {0,2}.
Proof. From Proposition 3.1 we get 4b1(X)  9, i.e., b1(X)  2 once b+2 (X)= 1 and X
is not the blow-up of a ruled surface. Since b1 + b+2 is odd for a symplectic 4-manifold
(merely because of the presence of an almost-complex structure), b1(X) = 1 is excluded
once b+2 (X)= 1, hence the corollary follows. ✷
Remark 3.4. The above corollary implies that minimal symplectic 4-manifolds with
b+2 = 1 behave quite nicely in terms of geography, i.e., the characteristic numbers of those
manifolds are easy to describe. The characteristic numbers of the ruled surfaces Σh × S2
and Σh×˜S2 are known: b±2 = 1, b1 = 2h, c21 = 8 − 8h and c2 = χ = 4 − 4h. If X is
nonruled and minimal, then 0 c21(X)= 5b+2 (X)−b−2 (X)+4−4b1(X)= 9−b−2 (X) for
b1(X)= 0 and 0 c21(X)= 1− b−2 (X) when b1(X)= 2.
Examples of the former class (i.e., b1 = 0) are provided by CP2, S2 × S2, the Barlow
surface, Mumford’s example (of a surface of general type with definite intersection form),
elliptic surfaces with holomorphic Euler characteristic χh = 1 and the symplectic 4-
manifolds derived from these using the knot construction due to Fintushel and Stern [4]. All
the above examples satisfy 0 c21(X)  3c2(X) (or equivalently 0  c21(X)  9χh(X) =
9).
By the above said, for b1(X) = 2 we might have b−2 (X) = 1 or b−2 (X) = 0. There
are examples of symplectic 4-manifolds with b±2 (X) = 1 and b1(X) = 2, cf. [3] (and
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[12] for a survey). Note that these manifolds have c2(X) = χ(X) = 0. The existence of
a symplectic 4-manifold with b+2 (X) = 1, b−2 (X) = 0 and b1(X) = 2 would contradict
Conjecture 2.10—it is the authors belief that such (symplectic) 4-manifold does not exist,
although he is unaware of a proof.
Corollary 3.5. Suppose that X → S2 is a genus-g Lefschetz fibration (with g  2) and
b+2 (X)= 1. Then either c2(X) 0 or X is the blow-up of a ruled surface.
Proof. By the above consideration, if X is not the blow-up of a ruled surface, then X
has b1(X) = 0 or b1(X) = 2. Since any 4-manifold with b1(X) = 0 has positive Euler
characteristic, we have to deal only with the case when b1(X) = 2. Since the homology
class of the fiber is essential in H2(X;R) (because the fiber is a symplectic submanifold)
and it has square 0, we conclude that X cannot have definite intersection form, hence
b2(X)  2, i.e., c2(X) = 2 − 2b1(X) + b2(X) = −2 + b2(X)  0. This concludes the
proof. ✷
4. Lefschetz fibrations on ruled surfaces
Since for a Lefschetz fibration of genus g we have c2(X)= χ(X)= 4− 4g+ s (where
s denotes the number of singular fibers in X→ S2), the condition χ(X) 0 immediately
gives s  4g − 4, which is—at least for g  4—not less than our proposed lower bound
2g+ 4 (and 2g+ 10 for odd g  7). Hence (according to Corollary 3.5), in order to prove
Theorem 1.1, we have to study genus-g Lefschetz fibrations only on X =Σh×S2#nCP2—
a blow-up of the ruled surface Σh × S2. Now the inequality of Lemma 3.2 translates to
4(2h− g)+ n 4, consequently
Corollary 4.1. If f :X → S2 is a (nontrivial) relatively minimal genus-g Lefschetz
fibration on the blown up ruled surface Σh × S2#nCP2, then 2h  g or 2h = g + 1 and
n= 0.
4.1. The case of even g
In proving Theorem 1.1 let us first focus on the case when g is even.
Lemma 4.2. If g is even and 2h < g (i.e., 2h + 2  g), then a Lefschetz fibration on
Σh × S2#nCP2 involves at least 2g+ 4 singular fibers.
Proof. If X = Σh × S2#nCP2 admits a genus-g Lefschetz fibration with s singular
fibers, then computing the Euler characteristic in two different ways we get χ(X) =
2(2− 2h)+ n= 4− 4g+ s. This yield s = 4g− 4h+ n 4(g− h); hence if 2h+ 2 g,
we get s  2g+ 4. ✷
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Remark 4.3. Notice that, in fact, the number of singular fibers is strictly larger than 2g+4
once g > 2h+2. For g = 2h+2, n > 0 implies again that s > 2g+4. Finally, the existence
of a genus-g Lefschetz fibration on Σh×S2 and Σh×˜S2 (with 2h+2= g) can be excluded
using the method described in Lemma 4.7. Hence s can be equal to 2g + 4 only in case
X=Σh × S2#4CP2 with 2h= g.
In order to prove Theorem 1.1 for g even, we only have to examine genus-g Lefschetz
fibrations on the manifolds Σh×S2#nCP2 with 2h= g—more precisely, we have to show
that if such a manifold admits a genus-g Lefschetz fibration, then n 4 (since the argument
in the proof of Lemma 4.2 gives that s = 4g − 4h+ n = 2g + n). A genus-g Lefschetz
fibration on Σh × S2#nCP2 with n < 4 provides a (not necessarily relatively minimal)
one on Σh × S2#3CP2 as well (by blowing up); consequently it is sufficient to show the
following:
Lemma 4.4. Suppose that 2h = g and g  6. The 4-manifold Σh × S2#3CP2 does not
admit a genus-g Lefschetz fibration.
Proof. Suppose that F is the fiber of a genus-g Lefschetz fibration on Σh×S2#3CP2. Let
[F ] ∈H2(Σh× S2#3CP2;Z) be equal to aσ + bφ+∑3i=1 kiei . (Here σ and φ denote the
homology classes of the obvious section and fiber of the ruling Σh× S2 →Σh, while ei is
the homology class of the exceptional sphere of the ith blow-up.) The degree of the ruling
restricted to F is equal to a. For a degree-d map F →Σh we have
2h− 1= g− 1 d(h− 1),
hence in the above setup we conclude that d = a  2. (Recall that g  6, hence h  3.)
Since [F ]2 = 0 (being a fiber of a Lefschetz fibration), we get 2ab −∑3i=1 k2i = 0. The
Lefschetz fibration equips Σh × S2#3CP2 with a symplectic structure for which F is a
symplectic submanifold. Since the symplectic structure on Σh × S2#3CP2 is essentially
unique [9], we might assume that F is a symplectic submanifold with respect to the
standard symplectic structure, hence satisfies the adjunction formula. This gives
2g− 2= 2ah− 2a − 2b−
3∑
i=1
ki,
which (together with 2ab=∑3i=1 k2i ) will provide the desired contradiction: If a = 0, then
we have ki = 0 as well, consequently [F ] = bφ. Now b =±1 follows from Theorem 2.9,
but (according to [13]) [F ] is not representable by a smoothly embedded sphere—while
±φ is. In case a = 1, we get g = −2b −∑3i=1 ki (since 2h = g); using 2b =
∑3
i=1 k2i
this yields g − 34 =−
∑3
i=1(ki + 12 )2, providing a contradiction (since g  1). For a = 2
the resulting equality is 2 = −2b −∑3i=1 ki , which (together with 4b =
∑3
i=1 k2i ) gives
4 =−∑3i=1 k2i − 2
∑3
i=1 ki , or equivalently 1 =−
∑3
i=1(ki + 1)2, a contradiction again.
This, however, proves the lemma. ✷
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Proof of Theorem 1.1 (in case g is even). In summary, we got that (according to
Lemmas 3.2 and 4.4) a Lefschetz fibration on the 4-manifold X admits at least 2g + 4
singular fibers once X is either of nonnegative Euler characteristic or the blow-up of a
ruled surface with base curve of genus h = 12g; moreover Σh × S2#nCP2 (with 2h = g)
admits a relatively minimal genus-g fibration only in case n= 4. This proves the statement
of Theorem 1.1 in the even case. The examples of Section 5 provide genus-g Lefschetz
fibrations Xg → S2 with exactly 2g + 4 singular fibers. These examples show that our
bounds are sharp, completing the proof of Theorem 1.1(1). ✷
Remarks 4.5.
(a) The argument in the proof of Lemma 4.4 does not provide a contradiction for Σh ×
S2#4CP2 (with 2h = g): a = 2, b = 1, k1 = · · · = k4 = −1 gives an appropriate
homology class (and this is the unique solution). The above observation together
with Remark 4.3 shows that for g  6 the manifold Σh× S2#4CP2 (with 2h= g) is
the unique one (with b+2 (X)= 1) that supports a genus-g Lefschetz fibration having
2g+4 singular fibers. Such uniqueness fails in the case when we have many singular
fibers relative to g [5].
(b) The assumption g  6 in the proof of Lemma 4.4 was used only in deducing
a  2. For g = 4 we also have to consider a = 3—in this case, however, the above
argument does not provide the corresponding result. By a case-by-case check (using
Theorem 2.9) we can exclude the existence of a genus-4 Lefschetz fibration on
Σ2 × S2#2CP2—providing 11 as a lower bound for the number of singular fibers in
a genus-4 Lefschetz fibration on a 4-manifold with b+2 (X) = 1. One might expect,
though, that the minimal number is eventually 12. For g = 2 our approach provides
no new information about the minimal number of singular fibers. It is known that a
genus-2 Lefschetz fibration has at least 7 singular fibers [11], while the example in
Section 5 provides X2 → S2 with 8 singular fibers. I. Smith has an (unpublished)
argument showing that the minimal number is, in fact, 8 = 2g+ 4 in the case g = 2.
4.2. The case of odd g
Now we can turn to the discussion of the case when g is odd. The corresponding version
of Lemma 4.2 gives the following:
Lemma 4.6.
(1) If 2h < g − 3 and g is odd (i.e., 2h g − 5), then a genus-g Lefschetz fibration on
Σh × S2#nCP2 admits at least 2g+ 10 singular fibers.
(2) If 2h < g − 1 and g is odd, then a genus-g Lefschetz fibration on Σh × S2#nCP2
has at least 2g+ 6 singular fibers.
Consequently, according to Corollary 4.1 (and the fact that s = 4g−4h+n), for proving
Theorem 1.1(2) we only have to exclude the existence of genus-g Lefschetz fibrations on
the manifolds
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(α) Σh × S2#nCP2 with 2h= g− 3 and n 3;
(β) Σh × S2#nCP2 with 2h= g− 1 and n 7,
and finally on
(γ ) Σh × S2 and Σh×˜S2 with 2h= g + 1.
The first two of the above three cases can be dealt with the same method as it is used in
Lemma 4.4, and once g  15, the numbers work out in the same way as well. (We need
g  15 to have a = d  2—which follows from the inequality g − 1  d(h − 1) once
g  15.)
Consequently we will deal only with the third case. In this case our previous homological
arguments do not provide the desired contradiction, since Σh × S2 contains a symplectic
surface with genus 2h− 1 and square 0.
Lemma 4.7. The 4-manifolds Σh×˜S2 and Σh × S2 do not admit genus-g Lefschetz
fibrations once 2h= g+ 1.
Proof. Based on Euler characteristic computations, a genus-g Lefschetz fibration on the
above manifolds involves 2g− 2 singular fibers. Taking the handlebody decomposition of
the manifolds given by the fibration (see, for example, [6]) it is clear that the vanishing
cycles are all attached along nonseparating curves and kill the corresponding first and third
homologies. Moreover, the resulting manifold will have even intersection form, excluding
Σh×˜S2.
Assume now that Σh × S2 admits a genus-g Lefschetz fibration. Using the previous
conventions, we have [F ] = aσ + bφ and 2ab= 0. Once again a = 0 would show that F
has a surface representative of positive Euler characteristic, so we might assume a = 0,
implying b = 0. There is a symplectic representative of aσ (a copies of the section
Σh ⊂ Σh × S2), which has Euler characteristic a(2 − 2h). This is equal to 2 − 2g iff
a = 2, hence the only case remained to exclude is when a = 2. Now, however, our
Euler characteristic arguments show no contradiction, since 2σ can be represented by an
embedded (symplectic) submanifold of genus g with square 0 in Σh × S2. According to
Theorem 2.9, however, this class (being nonprimitive) cannot be the fiber of a Lefschetz
fibration. This concludes the proof of the lemma. ✷
Putting the above said together, we can complete the proof of Theorem 1.1(2). Note that
the examples of Section 5 show that the lower bounds found above are sharp.
For proving Theorem 1.1(3), we note that we have to exclude possible genus-g fibrations
on manifolds listed under (β) (with n  4) and (γ ). The latter proceeds by appealing to
Lemma 4.7 as before, while to exclude (β) we just have to repeat the argument given in
Lemma 4.4. (Again, g  9 ensures us that the only possible values for a are a = 0,1 and
2.) This final remark concludes the proof of Theorem 1.1. ✷
Remarks 4.8.
(a) The examples provided by Section 5 might suggest that the minimal number of
singular fibers is 2g + 10 for all g  7. Our homological methods, however, give
only slightly weaker results in the domain 9 g  15.
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(b) For g = 7 we have to face the complication of the possibility a = 3 in the proof of
Lemma 4.4 (similarly to the case g = 4 discussed above). Using similar ideas, we
get 19 as the lower bound for the number of singular fibers. A similar (modified)
argument gives 15 as a lower bound for g = 5. According to examples presented in
[15], there are genus-5 Lefschetz fibrations with 16 singular fibers. Our methods do
not work in the genus-3 situation.
5. Examples
The following examples are generalizations of an idea of Matsumoto [11], and have been
essentially discussed in [1].
Assume first that g is even and is equal to 2h. Consider p1,p2 ∈ S2 and q1, q2 ∈Σh, and
take the resolution of the double branched cover of Σh× S2 branched along the (singular)
curve ({q1} × S2) ∪ ({q2} × S2) ∪ (Σh × {p1}) ∪ (Σh × {p2}) ⊂Σh × S2. The resulting
4-manifold Xg admits a fibration over S2: Compose the covering map Xg → Σh × S2
with the projection Σh × S2 → S2. The generic fiber of Xg → S2 is the double branched
cover of Σh branched in two points, hence is a surface of genus 2h= g. Xg → S2 has two
singular fibers—by perturbing the fibration we can achieve that it becomes a Lefschetz
fibration f :X→ S2 (with more singular fibers) satisfying the additional property that f is
injective on its critical set. Note that Xg also fibers over Σh: compose Xg →Σh×S2 with
the projection Σh×S2 →Σh. The generic fiber is the double branched cover of the sphere
S2 branched in two points, hence Xg admits a (singular) ruling Xg →Σh. Following the
same ideas as presented in Chapter 7 of [6] now it is easy to see that Xg =Σh×S2#4CP2,
hence the usual Euler characteristic computation shows that f :Xg → S2 admits 2g + 4
singular fibers. Consequently the bound in Theorem 1.1 is optimal in the even g case.
Remark 5.1. Note that if Conjecture 2.10 is true, then the above example together with
Theorem 1.1 implies that the minimal number of singular fibers in a (nontrivial) genus-g
Lefschetz fibration over S2 with even g (and g  6) is 2g + 4; moreover this number
is taken only for genus-g Lefschetz fibrations Σh × S2#4CP2 → S2 with g = 2h (cf.
Remark 4.5(a)).
Assume now that g = 2h+ 1 is odd. Fix p1,p2 ∈ S2 and q1, . . . , q4 ∈Σh, and take the
resolution of the double branched cover of Σh × S2 branched along the (singular) curve
4⋃
i=1
({qi} × S2
)∪ (Σh × {p1}
)∪ (Σh × {p2}
)⊂Σh × S2.
Since the double branched cover of Σh branched in 4 points is a surface of genus 2h+ 1=
g, the argument described in the even case provides a genus-g fibration on Σh×S2#8CP2.
Similar Euler characteristic computation now gives that Xg = Σh × S2#8CP2 → S2 has
2g + 10 singular fibers. The observation described in Remark 5.1 applies again when
g  15. For the remaining odd cases see Remarks 4.8.
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6. Lower bounds in general
In this final section we present lower bounds for the number of singular fibers in
Lefschetz fibrations with b+2 > 1, and prove Theorem 1.3.
Theorem 6.1. A nontrivial genus-g Lefschetz fibration f :X→ S2 admits at least 15 (8g−
4) singular fibers.
Proof. By Theorem 1.1 we can assume that b+2 (X) > 1. In this case, however, the
minimal model of the symplectic 4-manifold X cannot be rational or ruled, consequently
Proposition 3.1 applies and provides 5b+2 (X) − 4b1(X) + 4  0. By defining the
holomorphic Euler characteristic χh(X) as 12 (b
+
2 (X) − b1(X) + 1) (which is equal to
1
4 (σ (X) + χ(X)) = 112 (c21(X) + c2(X))), this inequality implies that χh(X)  110 (1 −
b1(X). Note, however, that since 2χh(X) = c2 + b1(X) − b−2 (X) − 1 = 4 − 4g + s +
b1(X)− b−2 (X)− 1, we get s = 4g− 4+ b−2 (X)− b1(X)+ 2χh(X), i.e.,
4g− 3+ b−2 (X)− 65b1(X) s.
Since a nontrivial genus-g Lefschetz fibration satisfies b1(X) 2g− 1, we have
1
5 (8g− 4) s,
which proves the theorem. ✷
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